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ÒÅÌÀ 1

ÏÎÍßÒÈÅ ÊÎÌÏËÅÊÑÍÎÃÎ ×ÈÑËÀ.
ÄÅÉÑÒÂÈß ÍÀÄ ÊÎÌÏËÅÊÑÍÛÌÈ ×ÈÑËÀÌÈ

Îïðåäåëåíèå. Êîìïëåêñíûì ÷èñëîì íàçûâàåòñÿ âûðàæåíèå âèäà
z = x + iy, ãäå x è y� âåùåñòâåííûå ÷èñëà, à i =

√−1 � òàê íàçûâà-
åìàÿ ìíèìàÿ åäèíèöà, i2 = −1. ×èñëî x íàçûâàåòñÿ âåùåñòâåííîé èëè
äåéñòâèòåëüíîé ÷àñòüþ êîìïëåêñíîãî ÷èñëà è îáîçíà÷àåòñÿ x = Re z, y

íàçûâàåòñÿ ìíèìîé ÷àñòüþ êîìïëåêñíîãî ÷èñëà è îáîçíà÷àåòñÿ y = Im z .
Îáîçíà÷åíèå Re ïðîèçîøëî îò ëàòèíñêîãî ñëîâà realis � äåéñòâèòåëü-

íûé, à Im � îò imaginarius (ìíèìûé).
Ìíîæåñòâî êîìïëåêñíûõ ÷èñåë C â êà÷åñòâå ïîäìíîæåñòâà ñîäåðæèò

ìíîæåñòâî R âåùåñòâåííûõ ÷èñåë, ò.ê. ïðè y = 0 ïîëó÷èì z = x .
Ôîðìà êîìïëåêñíîãî ÷èñëà z = x + iy íàçûâàåòñÿ åãî äåêàðòîâîé ôîð-

ìîé.
×èñëî z ðàâíî 0 òîãäà è òîëüêî òîãäà, êîãäà x = 0 è y = 0 .
×èñëî z = x− iy íàçûâàåòñÿ êîìïëåêñíî-ñîïðÿæåííûì ñ z .
Ïóñòü z1 = x1 + iy1, z2 = x2 + iy2.

Ïî îïðåäåëåíèþ: ðàâåíñòâî z1 = z2 ⇐⇒ x1 = x2, y1 = y2 .
Ðàññìîòðèì äåéñòâèÿ íàä êîìïëåêñíûìè ÷èñëàìè z1, z2 :
ñóììà z1 + z2 = x1 + x2 + i(y1 + y2) ,
ðàçíîñòü z1 − z2 = x1 − x2 + i(y1 − y2) ,
ïðîèçâåäåíèå êîìïëåêñíûõ ÷èñåë ââîäèòñÿ êàê ïðîèçâåäåíèå äâó÷ëåíîâ

ñ ó÷åòîì òîãî, ÷òî i2 = −1 : z1 z2 = (x1 + iy1)(x2 + iy2) = x1x2 + iy1x2 + ix1y2 +

i2y1y2 = x1x2 − y1y2 + i(y1x2 + x1y2).

Íàïðèìåð, zz = x2 + y2 � âåùåñòâåííîå ÷èñëî.
Äåëåíèå êîìïëåêñíûõ ÷èñåë: z1

z2
= z1z2

z2z2
= 1

z2z2
z1 z2 = 1

x2
2+y2

2
z1z2 , ò.å. äåëå-

íèå ñâåëîñü ê ïðîèçâåäåíèþ êîìïëåêñíûõ ÷èñåë.
Ïðèìåðû. 1)Ïóñòü z1 = 2− 3i, z2 = 1 + i . Òîãäà èìååì
z1 + z2 = 2− 3i + 1 + i = 3− 2i , z1 − z2 = 2− 3i− 1− i = 1− 4i ,
z1z2 = (2− 3i)(1 + i) = 2− 3i + 2i− 3i2 = 5− i ,
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z1

z2
= 2−3i

1+i = (2−3i)(1−i)
(1+i)(1−i) = −1−5i

2 = −1
2 − 5

2i .
2) Ðåøèì êâàäðàòíîå óðàâíåíèå x2 − 4x + 13 = 0.

x1,2 = 2±√4− 13 = 2±√−9 = 2±√9
√−1 = 2± 3i

Çäåñü äèñêðèìèíàíò D < 0, x2 = x1, ò.å. êîðíè êîìïëåêñíî�ñîïðÿæ�åííûå, è
èìååò ìåñòî ðàâåíñòâî
(x− x1)(x− x2) = (x− 2− 3i)(x− 2 + 3i) = x2 − 4x + 13.

ÃÅÎÌÅÒÐÈ×ÅÑÊÀß ÈÍÒÅÐÏÐÅÒÀÖÈß ÊÎÌÏËÅÊÑÍÎÃÎ ×ÈÑËÀ
Ïî îïðåäåëåíèþ êîìïëåêñíîå ÷èñëî çàäà�åòñÿ äâóìÿ âåùåñòâåííûìè

÷èñëàìè (x, y). Â ñâîþ î÷åðåäü äâà âåùåñòâåííûõ ÷èñëà îïðåäåëÿþò òî÷-
êó â äåêàðòîâîé ñèñòåìå êîîðäèíàò. Ýòà òî÷êà (åå òîæå áóäåì íàçûâàòü z ), à
òàêæå ðàäèóñ-âåêòîð −→oz = {x, y} äàþò ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ êîì-
ïëåêñíîãî ÷èñëà. Ïëîñêîñòü, íà êîòîðîé èçîáðàæàþòñÿ êîìïëåêñíûå ÷èñëà,
íàçûâàåòñÿ êîìïëåêñíîé ïëîñêîñòüþ z. Íà ýòîé ïëîñêîñòè îñü ox íàçûâà-
åòñÿ âåùåñòâåííîé îñüþ, à îñü oy � ìíèìîé îñüþ, ò.ê. âåùåñòâåííûå ÷èñëà
z = x èçîáðàæàþòñÿ òî÷êàìè îñè ox, à ÷èñëà z = iy (èõ íàçûâàþò "÷èñòî"
ìíèìûìè) � òî÷êàìè íà îñè oy.

6

-x
iy

©©©*
z = x + iy

HHHj
o

z = x− iy−iy ppp
ppp
ppp
pp

ppppppppppp

ppppppppppp

Åñëè èñïîëüçîâàòü îïåðàöèè ñëîæåíèÿ è âû÷èòàíèÿ âåêòîðîâ
−→oz1 = {x1, y1} è −→oz2 = {x2, y2} : −→oz1 ± −→oz2 = {x1 ± x2, y1 ± y2}, òî ñëîæåíèþ
è âû÷èòàíèþ êîìïëåêñíûõ ÷èñåë z1 = x1 + iy1, z2 = x2 + iy2 ìîæíî äàòü
ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ:
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Ç À Ä À × È
1 Èçîáðàçèòü íà êîìïëåêñíîé ïëîñêîñòè êîìïëåêñíûå ÷èñëà z è ñî-

ïðÿæåííûå ê íèì:
z1 = 1− 2i, z2 = −3− 4i, z3 = 2i, z4 = −√3 + i, z5 = 3, z6 = −8,

z7 = −5i, z8 = 3 + 4i.

2 Âûïîëíèòü àðèôìåòè÷åñêèå äåéñòâèÿ íàä êîìïëåêñíûìè ÷èñëàìè
(ñ ãåîìåòðè÷åñêîé èíòåðïðåòàöèåé z1 ± z2 ).

1) z1 = −1 + 3i, z2 = 2 + 4i, 2) z1 = 3− 2i, z2 = −1 + 5i,

3) z1 = 2i, z2 = 1 + i, 4) z1 = 2− i, z2 = 5i,

3 Âû÷èñëèòü:
1) (3− 2i)2, 2) (1 + i)3, 3) i2011, 4) (−i)2012.

4 Ðåøèòü óðàâíåíèÿ:

1) x2 + 25 = 0, 2) x2 + 49 = 0,

3) x2 − 2x + 5 = 0, 4) x2 + 4x + 13 = 0,

5) x2 − 4x + 7 = 0, 6) x2 − 2x + 2 = 0.

ÒÅÌÀ 2

ÏÎÊÀÇÀÒÅËÜÍÀß ÔÎÐÌÀ ÊÎÌÏËÅÊÑÍÎÃÎ ×ÈÑËÀ.
ËÈÍÈÈ È ÎÁËÀÑÒÈ ÍÀ ÊÎÌÏËÅÊÑÍÎÉ ÏËÎÑÊÎÑÒÈ

Óìíîæåíèþ êîìïëåêñíûõ ÷èñåë íå ñîîòâåòñòâóþò íè ñêàëÿðíîå, íè
âåêòîðíîå ïðîèçâåäåíèÿ âåêòîðîâ. ×òîáû âûÿñíèòü ãåîìåòðè÷åñêèé ñìûñë
óìíîæåíèÿ è äåëåíèÿ êîìïëåêñíûõ ÷èñåë, ïåðåéäåì ê ïîëÿðíûì êîîðäèíà-
òàì x = r cos ϕ, y = r sin ϕ . Òîãäà z = r (cos ϕ+ i sin ϕ) . Òàêàÿ ôîðìà çàïèñè
êîìïëåêñíîãî ÷èñëà íàçûâàåòñÿ òðèãîíîìåòðè÷åñêîé. Åñëè âîñïîëüçîâàòü-
ñÿ ôîðìóëîé Ýéëåðà (åå äîêàçàòåëüñòâî äà�åòñÿ â ðàçäåëå "×èñëîâûå ðÿäû")
eiϕ = cos ϕ + i sin ϕ , òî ïîëó÷èì ïîêàçàòåëüíóþ ôîðìó êîìïëåêñíîãî ÷èñëà:
z = reiϕ .

Ïîëÿðíûå ðàäèóñ r è óãîë ϕ äëÿ êîìïëåêñíîãî ÷èñëà z íàçûâàþòñÿ:
r = |z| � ìîäóëü êîìïëåêñíîãî ÷èñëà, ϕ = Arg z � àðãóìåíò êîìïëåêñíîãî
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÷èñëà z .
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Arg z ÿâëÿåòñÿ ìíîãîçíà÷íîé ôóíêöèåé. Åå çíà÷åíèÿ äëÿ äàííîãî z

îòëè÷àþòñÿ îäíî îò äðóãîãî íà öåëîå êðàòíîå 2π . Äëÿ z = 0 àðãóìåíò íå
îïðåäåëåí. Îáû÷íî èñïîëüçóþò ãäàâíîå çíà÷åíèå àðãóìåíòà arg z , îïðåäåëÿ-
åìîå äîïîëíèòåëüíûì óñëîâèåì −π < argz ≤ π . Òîãäà Argz = argz + 2kπ ,
ãäå k = 0,±1,±2, ... .

Åñëè z = x + iy , òî íàéòè |z| è argz ìîæíî òàê: |z| =
√

x2 + y2 ,
tgϕ = y

x , îòêóäà argz = arctg y
x , åñëè z â ïåðâîé èëè ÷åòâ�eðòîé ÷åòâåðòÿõ;

argz = arctg y
x + π , åñëè z âî âòîðîé ÷åòâåðòè, argz = arctg y

x − π , åñëè z â
òðåòüåé ÷åòâåðòè. Çàìåòèì, ÷òî argz = π/2 (èëè −π/2) , åñëè x = 0, y > 0

(èëè y < 0).

Ïðèìåð. Ïðåäñòàâèòü êîìïëåêñíîå ÷èñëî z = −2 + 3i â ïî-
êàçàòåëüíîé ôîðìå.

Çäåñü r =
√

4 + 9 =
√

13, tg ϕ = −3/2. Îòñþäà, ò.ê. z íàõîäèòñÿ âî
âòîðîé ÷åòâåðòè, òî ϕ = −arctg(3/2) + π . Ïîýòîìó z =

√
13 e[−arctg(3/2)+π]i.

Ïóñòü z1 = r1e
iϕ1 , z2 = r2e

iϕ2 . Òîãäà

z1 = z2 ⇐⇒ r1 = r2, ϕ1 = ϕ2 + 2πk, k ∈ Z. (1)

z1z2 = r1e
iϕ1r2e

iϕ2 = r1r2e
i(ϕ1+ϕ2)

( Çäåñü ìû ïîñòóïèëè ïî àíàëîãèè ñ äåéñòâèåì óìíîæåíèÿ äâóõ çíà-
÷åíèé ïîêàçàòåëüíîé ôóíêöèè âåùåñòâåííîãî ïåðåìåííîãî: ex1ex2 = ex1+x2 .
Ñòðîãîå äîêàçàòåëüñòâî ýòîãî ðàâåíñòâà ïîëó÷èòñÿ, åñëè èñïîëüçîâàòü òðè-
ãîíîìåòðè÷åñêóþ ôîðìó êîìïëåêñíûõ ÷èñåë).

Àíàëîãè÷íî ïîëó÷èì
z1

z2
= r1

r2
ei(ϕ1−ϕ2).

Èòàê, ó ïðîèçâåäåíèÿ z1z2 ìîäóëü ðàâåí ïðîèçâåäåíèþ ìîäóëåé, à àð-
ãóìåíò � ñóììå àðãóìåíòîâ ñîìíîæèòåëåé. Ó ÷àñòíîãî z1

z2
ìîäóëü ðàâåí îò-
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íîøåíèþ ìîäóëåé, à àðãóìåíò � ðàçíîñòè àðãóìåíòîâ äåëèìîãî è äåëèòåëÿ.
Ýòî ïîçâîëÿåò ãåîìåòðè÷åñêè èõ ïîñòðîèòü.

Â ÷àñòíîñòè, óìíîæåíèå âåêòîðà z íà eiϕ îçíà-
÷àåò åãî ïîâîðîò íà óãîë ϕ âîêðóã íà÷àëà êîîðäèíàò.

Ç À Ä À × È

5 Èçîáðàçèòü íà êîìïëåêñíîé ïëîñêîñòè êîìïëåêñíûå ÷èñëà â ïîêàçà-
òåëüíîé ôîðìå :

z1 = 2e
πi
4 , z2 = 3e−

πi
2 , z3 = e−

3πi
4 , z4 = 4e

3πi
4 , z5 = 5e

πi
6 , z6 = e−

πi
6 .

6 Íàéòè è èçîáðàçèòü íà êîìïëåêñíîé ïëîñêîñòè ïðîèçâåäåíèÿ
w1 = z1z3, w2 = z2z4, w3 = z1z5, w4 = z2z6 (ñì. 5 ).
7 Ïðåäñòàâèòü êîìïëåêñíûå ÷èñëà â äåêàðòîâîé ôîðìå, ïðèìåíèâ ôîð-

ìóëó Ýéëåðà:
z1 = e2+3i, z2 = e−1+3i, z3 = e4i, z4 = e−5i.

8 Ïðåäñòàâèòü êîìïëåêñíûå ÷èñëà â ïîêàçàòåëüíîé ôîðìå (âçÿâ ãëàâ-
íûå çíà÷åíèÿ àðãóìåíòà):

z1 = 1− i, z2 = 1 + i, z3 = −√3 + i, z4 =
√

3− i,

z5 = −5i, z6 = 6i, z7 = −64, z8 = 4.

9 Êàêîâ ãåîìåòðè÷åñêèé ñìûñë âûðàæåíèÿ |z1 − z2| ?
10 Îïðåäåëèòü êðèâûå è ïîñòðîèòü èõ:
1) |z − a| = r, 2) |z − 2|+ |z + 2| = 5, 3) |z + i| = 2,

4) |z − 1 + i| = 3, 5) z = 3eit, 0 ≤ t ≤ π, 6) z = z1 + (z2 − z1)t, 0 ≤ t ≤ 1,

7) |z| = 1− Re z, 8) z = 2 + 3eit, −π ≤ t ≤ 0.

11 Ïîñòðîèòü ãåîìåòðè÷åñêèå ìåñòà òî÷åê ïî óñëîâèÿì:
1) |z − a| < r, 2) |z| < 2, π

2 < arg z < π, 3) |z| < 3, 4) |z| > 3,

5) |z − i| < 1, 6) |z + 1− i| < 2, 7) |z + eiπ
4 | > 1, 8) |z − e−iπ

4 | > 2,

9) 2 < |z| < 4, −π < arg z < −π
2 , 10) 0 < Rez < 2,

11)−∞ < Rez < 0, 0 < Imz < π, 12) 1 < Rez < +∞, π < Imz < 2π.
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ÒÅÌÀ 3

ÂÎÇÂÅÄÅÍÈÅ ÊÎÌÏËÅÊÑÍÎÃÎ ×ÈÑËÀ Â ÑÒÅÏÅÍÜ .
ÈÇÂËÅ×ÅÍÈÅ ÊÎÐÍß ÈÇ ÊÎÌÏËÅÊÑÍÎÃÎ ×ÈÑËÀ

Ïðè âîçâåäåíèè ÷èñëà z = reiϕ â ñòåïåíü n ∈ N êàê ñëåäñòâèå èç
óìíîæåíèÿ êîìïëåêñíûõ ÷èñåë èìååì:

zn = rneinϕ . Ïðè r = 1 îòñþäà ïîëó÷àåì ôîðìóëó Ìóàâðà
(cos ϕ + i sin ϕ)n = cos(nϕ) + i sin(nϕ).

Ðàññìîòðèì èçâëå÷åíèå êîðíÿ èç êîìïëåêñíîãî ÷èñëà, ò.å. íàéäåì
z = n

√
w, ãäå êîìïëåêñíîå ÷èñëî w çàäàíî. Ïðåäñòàâèì w â ïîêàçàòåëüíîé

ôîðìå w = ρeiθ, à z áóäåì èñêàòü â ïîêàçàòåëüíîé ôîðìå z = reiϕ . Èç
ðàâåíñòâà zn = w èìååì rneiϕn = ρeiθ . Îòñþäà, ó÷èòûâàÿ (1), ïîëó÷èì

rn = ρ, ϕn = θ + 2kπ, k = 0, ±1, ±2, ... .
Òîãäà r = n

√
ρ, ϕk = θ

n + 2kπ
n . Ñóùåñòâåííî ðàçëè÷íûõ óãëîâ çäåñü áóäåò

âñåãî n , ò.å. k = 0, 1, 2, ...n− 1 . Âñå îñòàëüíûå óãëû îòëè÷àþòñÿ îò ýòèõ íà
óãîë, êðàòíûé 2π . Ïîýòîìó ðàçëè÷íûõ çíà÷åíèé n

√
w áóäåò n :

zk = n
√

ρei(θ+2kπ)/n, k = 0, 1, ...n− 1.

Ïðèìåð. Èçâëå÷ü êîðåíü èç êîìïëåêñíîãî ÷èñëà, äàòü ãåî-
ìåòðè÷åñêóþ èíòåðïðåòàöèþ: 6

√−64.

Èç ðàâåíñòâà z = 6
√−64 èìååì z6 = −64 = 64e(2k+1)πi, k = 0, 5. Îòñþäà

zk = 6
√

64e
(2k+1)πi

6 = 2e
(2k+1)πi

6 . Âñå ÷èñëà zk ïî ìîäóëþ ðàâíû 2 è , ñëåäîâàòåëü-
íî, ëåæàò íà îêðóæíîñòè ðàäèóñà 2 ñ öåíòðîì â íà÷àëå êîîðäèíàò. Òî÷êà
z0 = 2eπi/6 , êàæäàÿ ïîñëåäóþùàÿ òî÷êà ïîëó÷àåòñÿ èç ïðåäûäóùåé ïîâîðî-
òîì íà óãîë π/3. Åñëè ñîåäèíèòü òî÷êè zk , ïîëó÷èì ïðàâèëüíûé øåñòèóãîëü-
íèê.

6
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ppp
ppp
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z4

z2

z3
ppp
ppp
pp p p p p p

p p

p p p p p p
p
ppppp

pp

ppppp
pp
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12 Âîçâåñòè â ñòåïåíü êîìïëåêñíûå ÷èñëà (ñì. 8 ):

1) z4
1, 2) z6

2, 3) z8
3, 4) z5

4.

13 Èçâëå÷ü êîðåíü èç êîìïëåêñíîãî ÷èñëà, äàòü ãåîìåòðè÷åñêóþ èí-
òåðïðåòàöèþ:

1)
√

6i, 2) 6
√−64i, 3) 3

√
1− i, 4)

4
√√

3− i, 5)
√−i, 6) 3

√
1,

7) 5

√
32(1 +

√
3i), 8) 3

√−8 .
14 Ðåøèòü óðàâíåíèÿ:

1) z8 − 1 = 0, 2) z3 + 1 = 0, 3) z5 + 1− i = 0, 4) z3 + i = 0.

15 Èñïîëüçóÿ ôîðìóëó Ìóàâðà, äîêàçàòü, ÷òî
1) cos 2ϕ = cos2 ϕ− sin2 ϕ, sin 2ϕ = 2 sin ϕ cos ϕ,

2) cos 3ϕ = cos3 ϕ− 3 cos ϕ sin2 ϕ, sin 3ϕ = 3 cos2 ϕ sin ϕ− sin3 ϕ.

ÒÅÌÀ 4

ÏÎÍßÒÈÅ ÔÓÍÊÖÈÈ ÊÎÌÏËÅÊÑÍÎÃÎ ÏÅÐÅÌÅÍÍÎÃÎ

Ðàññìîòðèì íåêîòîðûå ýëåìåíòàðíûå ôóíêöèè êîìïëåêñíîãî ïåðåìåí-
íîãî.

1. Ëèíåéíàÿ ôóíêöèÿ îïðåäåëÿåòñÿ ñîîòíîøåíèåì
w = az + b, ãäå a, b � ôèêñèðîâàííûå êîìïëåêñíûå ÷èñëà, à z � êîì-

ïëåêñíîå ïåðåìåííîå. Îíà âçàèìíî-îäíîçíà÷íî îòîáðàæàåò ïëîñêîñòü êîì-
ïëåêñíîãî ïåðåìåííîãî z â ñåáÿ. Åñëè ðàññìàòðèâàòü ôóíêöèþ w íà íåêîòî-
ðîé ôèãóðå, òî å¼ îáðàçîì áóäåò òîæå ôèãóðà. Ó÷èòûâàÿ, ÷òî w = |a|eiargaz+

b , ìîæíî ïîñòðîèòü îáðàçû ôèãóð.
Ïðèìåð.Íàéòè îáðàç Dw êðóãà Dz : |z| < 1, åñëè w = 2iz + 3.

Ðàññìîòðèì ôóíêöèþ w êàê ñóïåðïîçèöèþ íåñêîëüêèõ ôóíêöèé:
w1 = 2z, w2 = iw1, w = w2 + 3.

Ôóíêöèÿ w1 îòîáðàçèò Dz â D1 : |w1| < 2, ò.ê. |w1| = 2|z|. Ôóíêöèÿ
w2 ïîâåðíåò êðóã D1 íà π/2 âîêðóã öåíòðà w1 = 0 , ò.å. îòîáðàçèò D1 â ñåáÿ.

9



Ôóíêöèÿ w êðóã D1 ïàðàëëåëüíî ñäâèíåò íà 3 . Ñëåäîâàòåëüíî, îáðàçîì Dw

áóäåò êðóã |w − 3| < 2.

6

-
µ´
¶³

1

zj 6

-

&%

'$
2

w1±°
²¯

6

-

&%

'$
wn

q3

2. Ïîêàçàòåëüíàÿ ôóíêöèÿ. Îïðåäåëèì ôóíêöèþ
w = ez = ex+iy = exeiy = ex(cos y + i sin y) .
Îòñþäà ñëåäóåò, ÷òî |ez| = ex, Argez = y + 2kπ, k = 0,±1, ... Ïîêàçà-

òåëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ ïåðèîäè÷åñêîé ñ ïåðèîäîì 2πi : ez+2πi = ez.

3. Òðèãîíîìåòðè÷åñêèå ôóíêöèè. Äëÿ âåùåñòâåííûõ çíà÷åíèé x

èç ôîðìóëû Ýéëåðà èìååì
cos x = eix+e−ix

2 , sin x = eix−e−ix

2i .

Èñïîëüçóåì ýòè ôîðìóëû äëÿ îïðåäåëåíèÿ òðèãîíîìåòðè÷åñêèõ ôóíê-
öèé êîìïëåêñíîãî àðãóìåíòà:
cos z = eiz+e−iz

2 , sin z = eiz−e−iz

2i , tgz = sin z
cos z , ctgz = cos z

sin z .

4. Ëîãàðèôìè÷åñêàÿ ôóíêöèÿ. Îïðåäåëèì ìíîãîçíà÷íóþ ëîãàðèô-
ìè÷åñêóþ ôóíêöèþ w = Ln z êàê îáðàòíóþ ê ïîêàçàòåëüíîé. Òîãäà ew = z

è ïðè w = u + iv ïîëó÷èì eueiv = |z|ei argz, îòêóäà èìååì u = ln |z|, v =

arg z + 2πk = Arg z =⇒ w = Ln z = ln |z|+ iArg z.

Ïðèìåð. Ðåøèòü óðàâíåíèå cos z = i.

Ïî îïðåäåëåíèþ èìååì:
cos z = eiz+e−iz

2 = i. Îòñþäà e2iz − 2ieiz + 1 = 0 =⇒ eiz = i ± √−2 =

i± i
√

2 = i(1±√2) =⇒ iz = Lni(1±√2) = ln(
√

2± 1)± iπ/2 + 2kπi,

z = ±π/2 + 2kπ − i ln(
√

2± 1), k = 0, ±1, ±2, ...

ÇÀÄÀ×È
16 Íàéòè îáðàç êðóãà |z| < 1 , åñëè:

1) w = 3z , 2) w = 4iz, 3) w = −4iz − 1, 4) w = −iz + 2,

5) w = −2iz + 1− 2i, 6) w = 2iz + 3− i .
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17 Íàéòè îáðàç êðóãà |z| < r , åñëè w = az + b .
18 Ðåøèòü óðàâíåíèÿ:
1) ez = −3 + 4i, 2) ez = 1 + i, 3) sin z = 3, 4) tgz = 1 + 2i.

19 Ïóñòü w = ez. Íàéòè îáðàç îáëàñòè:
1) −∞ < Rez < 0, 0 < Imz < π,

2) 0 < Rez < +∞, 0 < Imz < π/2 .

ÒÅÌÀ 5

ÍÅÊÎÒÎÐÛÅ ÑÂÅÄÅÍÈß Î ÌÍÎÃÎ×ËÅÍÀÕ
Ìíîãî÷ëåíîì íàçûâàåòñÿ ôóíêöèÿ âèäà

Pn(x) = a0x
n + a1x

n−1 + ... + an, n ∈ N,

ãäå a0, a1, ..., an � êîýôôèöèåíòû, â îáùåì ñëó÷àå êîìïëåêñíûå. ×èñëî x1

íàçûâàåòñÿ êîðíåì ìíîãî÷ëåíà, åñëè Pn(x1) = 0.

Èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ.
1◦. Ìíîãî÷ëåí Pn(x) ñ âåùåñòâåííûìè èëè êîìïëåêñíûìè êîýôôèöè-

åíòàìè èìååò õîòÿ áû îäèí âåùåñòâåííûé èëè êîìïëåêñíûé êîðåíü (áåç äî-
êàçàòåëüñòâà).

2◦. Òåîðåìà Áåçó. Îñòàòîê îò äåëåíèÿ ìíîãî÷ëåíà Pn(x) íà ëèíåéíûé
ìíîæèòåëü (x− c) ðàâåí Pn(c) , ïðè÷¼ì Pn(x) = (x− c)Pn−1(x) + Pn(c).

Äîêàçàòåëüñòâî. Äåëÿ óãëîì Pn(x) íà x− c ïîëó÷èì â ÷àñòíîì íåêîòî-
ðûé ìíîãî÷ëåí ñòåïåíè n− 1 , à â îñòàòêå A = const. Ïîýòîìó èìååì òîæäå-
ñòâî Pn(x) = (x− c)Pn−1(x) + A. Ïîëàãàÿ â í�åì x = c, ïîëó÷èì A = Pn(c).

3◦. Ñëåäñòâèå èç òåîðåìû Áåçó. Äëÿ òîãî ÷òîáû ÷èñëî x = c áûëî
êîðíåì ìíîãî÷ëåíà Pn(x), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû Pn(x) áåç îñòàòêà
äåëèëñÿ íà (x− c), ò.å. Pn(x) = (x− c)Pn−1(x).

4◦. Îñíîâíàÿ òåîðåìà àëãåáðû.
Ìíîãî÷ëåí Pn(x) ñ âåùåñòâåííûìè èëè êîìïëåêñíûìè êîýôôèöèåíòà-

ìè èìååò ðîâíî n êîðíåé, âåùåñòâåííûõ èëè êîìïëåêñíûõ.
Äîêàçàòåëüñòâî. Ò.ê. ìíîãî÷ëåí èìååò õîòÿ áû îäèí êîðåíü x1 , òî èç 3◦

ñëåäóåò òîæäåñòâî Pn(x) = (x − x1) Pn−1(x). Â ñâîþ î÷åðåäü, Pn−1(x) òîæå
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ìíîãî÷ëåí, è õîòÿ áû îäèí êîðåíü x2 ó íåãî åñòü, ïîýòîìó
Pn(x) = (x− x1)(x− x2) Pn−2(x). Ïðîäîëæàÿ ïîñëåäîâàòåëüíî ïîíèæàòü ñòå-
ïåíü ìíîãî÷ëåíà â ïðàâîé ÷àñòè ðàâåíñòâà, ïðèä¼ì ê òîæäåñòâó

Pn(x) = (x− x1)(x− x2)...(x− xn)P0,

îòêóäà ñðàâíåíèåì êîýôôèöèåíòîâ ïðè xn ïîëó÷èì P0 = a0.

5◦. Ðàññìîòðèì ñëó÷àé ìíîãî÷ëåíà Pn(x) ñ âåùåñòâåííûìè êîýôôèöè-
åíòàìè.

Äîêàæåì, ÷òî, åñëè x1 = α+iβ, òî ñóùåñòâóåò âòîðîé êîðåíü x2 = x1 =

α− iβ .
Äåéñòâèòåëüíî, ïóñòü Pn(α + iβ) = 0 ⇐⇒ a0(α + iβ)n + a1(α + iβ)n−1 +

... + an = 0. Âîçüì�åì â ïîñëåäíåì ðàâåíñòâå êîìïëåêñíîå ñîïðÿæåíèå:
a0(α− iβ)n + a1(α− iβ)(n−1) + ... + an = 0. ⇐⇒ Pn(α− iβ) = 0

Òåïåðü ïî îñíîâíîé òåîðåìå àëãåáðû èìååì

Pn(x) = a0(x− x1)(x− x2)...(x− xn),

ãäå êîìïëåêñíûå êîðíè âõîäÿò ïàðàìè, ïðè÷�åì (x− x1)(x− x1) = x2 + px +

q, p2 − 4q < 0. Êðîìå òîãî, êîðíè êàê âåùåñòâåííûå, òàê è êîìïëåêñíûå,
ìîãóò áûòü êðàòíûìè. Ïîýòîìó ïîñëå ïåðåîáîçíà÷åíèÿ êîðíåé îêîí÷àòåëüíî
èìååì

Pn(x) = a0(x−α1)
r1(x−α2)

r2...(x−αm)rm(x2+p1x+q1)
k1...(x2+psx+qs)

ks, (2)

ãäå âñå ñêîáêè ðàçëè÷íû, n = r1 + r2 + ...rm + 2k1 + ... + 2ks, α1, α2 ...αm �
âåùåñòâåííûå, ðàçëè÷íûå, p2

j − 4qj < 0, j = 1, s.

Ïðèìåð.Íàéòè êîðíè ìíîãî÷ëåíà P (x) = x3−3x2+7x−5 è ðàç-
ëîæèòü åãî íà ìíîæèòåëè ñ âåùåñòâåííûìè êîýôôèöèåíòàìè,
ò.å. ïðåäñòàâèòü â âèäå (2).

Öåëî÷èñëåííûå êîðíè ìíîãî÷ëåíà ÿâëÿþòñÿ äåëèòåëÿìè åãî ñâîáîäíîãî
÷ëåíà. Ó÷èòûâàÿ ýòî, ïîäáåð�åì êîðåíü x1 = 1. Äåëÿ óãëîì P (x) íà (x− 1),

ïîëó÷èì x2−2x+5, îòêóäà x2 = 1+2i, x3 = 1−2i. Ðàçëîæåíèå íà ìíîæèòåëè
èìååò âèä: P (x) = x3 − 3x2 + 7x− 5 = (x− 1)(x2 − 2x + 5).
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Ç À Ä À × È

20 Íàéòè êîðíè ìíîãî÷ëåíîâ P (x) è ðàçëîæèòü èõ íà ìíîæèòåëè ñ
âåùåñòâåííûìè êîýôôèöèåíòàìè â âèäå (2):

1) P (x) = x2 + 4x + 3, 2) P (x) = 2x2 − 5x + 2,

3) P (x) = x2 + 2x + 10, 4) P (x) = x3 − 8, 5) P (x) = x5 − 6x4 + 9x3 ,
6) P (x) = x4 + 2x2 + 1, 7) P (x) = x3 − x2 − x + 1, 8) P (x) = x5 + 8x3 + 16x,

9) P (x) = x4 − 1, 10) P (x) = x4 + 4x2 + 3, 11) P (x) = x4 + 4,

12) P (x) = x5 − 10x3 + 9x, 13) P (x) = x8 − 2x4 + 1, 14) P (x) = x8 − 1,

15) P (x) = x3−x2−x−2, 16) P (x) = 2x3−x2−5x+10, 17∗) P (x) = x6 +64.

ÇÀÄÀÍÈß ÄËß ÏÎÄÃÎÒÎÂÊÈ Ê ÊÎÍÒÐÎËÜÍÎÉ ÐÀÁÎÒÅ

ÂÀÐÈÀÍÒ 1
1◦. Íàéòè z1 ± z2, z1z2,

z1

z2
, åñëè

z1 = 3 − 2i, z2 = 4 + 2i. Èçîáðàçèòü íà êîìïëåêñíîé ïëîñêîñòè êîì-
ïëåêñíîå ÷èñëî z1 è ñîïðÿæåííîå ñ íèì.

2◦. Ðåøèòü óðàâíåíèå: x2 + 10x + 29 = 0.

3◦. Èçâëå÷ü êîðåíü èç êîìïëåêñíîãî ÷èñëà, èçîáðàçèòü íà êîìïëåêñíîé
ïëîñêîñòè ðåçóëüòàò: 6

√
64i.

4◦. Íàéòè êîðíè ìíîãî÷ëåíà è ðàçëîæèòü åãî íà ìíîæèòåëè ñ âåùå-
ñòâåííûìè êîýôôèöèåíòàìè: x4 − 2x3 − 2x2 + 8x− 8.

5◦. Íàéòè îáðàç êðóãà |z| > 3, åñëè w = (1 + i)z + 4i.

ÂÀÐÈÀÍÒ 2
1◦. Íàéòè z1 ± z2, z1z2,

z1

z2
, åñëè

z1 = 2 − 3i, z2 = −1 + i. Èçîáðàçèòü íà êîìïëåêñíîé ïëîñêîñòè êîì-
ïëåêñíîå ÷èñëî z1 è ñîïðÿæåííîå ñ íèì.

2◦. Ðåøèòü óðàâíåíèå:
2x2 + 4x + 3 = 0.

3◦. Èçâëå÷ü êîðåíü èç êîìïëåêñíîãî ÷èñëà, èçîáðàçèòü íà êîìïëåêñíîé
ïëîñêîñòè ðåçóëüòàò:

4
√−5− 5i.
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4◦. Íàéòè êîðíè ìíîãî÷ëåíà è ðàçëîæèòü åãî íà ìíîæèòåëè ñ âåùå-
ñòâåííûìè êîýôôèöèåíòàìè: x4 − 4x3 + 4x2 + 4x− 5.

5◦. Íàéòè îáðàç êðóãà |z| < 3, åñëè w = (2 + 3i)z + i− 6.

Î Ò Â Å Ò Û

2 1) z1+z2 = 1+7i, z1−z2 = −3−i, z1 z2 = −14+2i, z1/z2 = (1+i)/2

2) z1 + z2 = 2 + 3i, z1 − z2 = 4− 7i, z1 z2 = 7 + 17i, z1/z2 = −(1 + i)/2,

3) z1 + z2 = 1 + 3i, z1 − z2 = −1 + i, z1 z2 = −2 + 2i, z1/z2 = 1 + i,

4) z1 + z2 = 2 + 4i, z1 − z2 = 2− 6i, z1 z2 = 5 + 10i, z1/z2 = −(1 + 2i)/5.

3 1) 5− 12i, 2) 2i− 2, 3) − i, 4) 1.

4 1) x1,2 = ±5i, 2) x1,2 = ±7i, 3) x1,2 = 1± 2i, 4) x1,2 = −2± 3i,

5) x1,2 = 2± i
√

3, 6) x1,2 = 1± i.

6 w1 = −2i, w2 = 12e
πi
4 , w3 = 10e

5πi
12 , w4 = 3e−

2πi
3 .

7 z1 = e2(cos 3 + i sin 3), z2 = e−1(cos 3 + i sin 3), z3 = cos 4 + i sin 4,

z4 = cos 5− i sin 5.

8 z1 =
√

2e−
πi
4 , z2 =

√
2e

πi
4 , z3 = 2e

5πi
6 , z4 = 2e−

πi
6 , z5 = 5e−

πi
2 ,

z6 = 6e
πi
2 , z7 = 64eπi, z8 = 4.

10 1) Îêðóæíîñòü, 2) ýëëèïñ, 3) îêðóæíîñòü, 4) îêðóæíîñòü,
5) äóãà îêðóæíîñòè, 6) îòðåçîê ïðÿìîé, 7) ïàðàáîëà, 8) äóãà îêðóæíîñòè.

12 1) − 4, 2) − 8i, 3) 256e
2πi
3 , 4) 32e−

5πi
6 .

13 1) z1,2 = ±√6 eπi/4, 2) zk = 2 e(−π/12+kπ/3)i, k = 0, 5,

3) zk = 6
√

2 e(−π/12+2kπ/3)i, k = 0, 2, 4) zk = 4
√

2 e(−π/24+kπ/2)i, k = 0, 3,

5) z1,2 = ± e−πi/4, 6) zk = e2kπi/3, k = 0, 2, 7) zk = 2 e(π/15+2kπ/5)i, k = 0, 4,

8) zk = 2 e(π/3+2kπ/3)i, k = 0, 2.

14 1) zk = e2kπi/8, k = 0, 7, 2) zk = e(π/3+2kπ/3)i, k = 0, 2,

3) zk = 10
√

2 e(3π/20+2kπ/5)i, k = 0, 4, 4) zk = e(−π/6+2kπ/3)i, k = 0, 2.

16 1) |w| < 3, 2) |w| < 4, 3) |w + 1| < 4, 4) |w − 2| < 1,

5) |w − 1 + 2i| < 2, 6) |w − 3 + i| < 2.

17 |w − b| < |a|r.
18 1) zk = ln 5 + i[(2k + 1)π − arctg4

3 ], 2) zk = 1
2 ln 2 + iπ(1

4 + 2k),
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3) zk = π/2 + 2kπ − i ln(3± 2
√

2), 4) zk = 1
2 [(2k + 1)π − arctg1

2 ] + i
4 ln 5.

Çäåñü âåçäå k = 0, ±1, ±2, ...

19 1) 0 < |w| < 1, 0 < arg w < π, 2) 1 < |w| < ∞, 0 < arg w < π/2.

20 1) x1 = −1, x2 = −3, P (x) = (x + 1)(x + 3), 2) x1 = 1/2, x2 = 2,

P (x) = 2(x− 2)(x− 1/2), 3) x1,2 = −1± 3i, 4)x1 = 2, x2,3 = −1±√3i,

P (x) = (x− 2)(x2 + 2x + 4), 5) x1 = x2 = x3 = 0, x4 = x5 = 3,

P (x) = x3(x− 3)2, 6) x1 = x2 = i, x3 = x4 = −i, P (x) = (x2 + 1)2,

7) x1 = x2 = 1, x3 = −1, P (x) = (x− 1)2(x + 1), 8) x1 = 0, x2 = x3 = 2i,

x4 = x5 = −2i, P (x) = x(x2 + 4)2, 9) x1,2 = ±1, x3,4 = ±i,

P (x) = (x− 1)(x + 1)(x2 + 1), 10) x1,2 = ±i, x3,4 = ±√3i,

P (x) = (x2 + 3)(x2 + 1), 11) x1,2 = 1± i, x3,4 = −1± i,

P (x) = (x2 − 2x + 2)(x2 + 2x + 2), 12) x1 = 0, x2,3 = ±1, x4,5 = ±3,

P (x) = x(x− 1)(x + 1)(x− 3)(x + 3), 13) x1 = x2 = 1, x3 = x4 = −1,

x5 = x6 = i, x7 = x8 = −i, P (x) = (x− 1)2(x + 1)2(x2 + 1)2,

14) x1,2 = ±1, x3,4 = ±i, x5,6 =
√

2
2 (1± i), x7,8 =

√
2

2 (−1± i),

P (x) = (x− 1)(x + 1)(x2 + 1)(x2 −√2x + 1)(x2 +
√

2x + 1), 15) x1 = 2,

x2,3 = (−1±√3i)/2, P (x) = (x− 2)(x2 + x + 1), 16) x1 = −2,

x2,3 = (5±√15i)/4, P (x) = (x + 2)(2x2 − 5x + 5).
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